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In this paper, some Virasoro integrable models are obtained by means of the realizations of

the generalized centerless Virasoro-type symmetry algettd) [0 (f2)] = o( fz fi— fifo). Itis
interesting that some of them may be not only Virasoro integrable but also Baimésyrable.
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1. Introduction call this types of integrability as the Virasoro integra-
bility. In (1), f1 and f, arearbitrary functions of a
The soliton theory has attracted much attentiosingle independent variable, say timend the dots
from both physicists and mathematicians becauseoVer the functionsf, and f» present the derivatives
has been widely applied in many physically signifwith respect to the independent variables.
icant fields (such as fluids, optics and astrophysics, Itis known that, when we say a model is integrable,
etc.) [1]. (1+1)- and (2+1)-dimensional integrableve should point out that the model is integrable un-
models have been deeply investigated. However, theder what meaning? We may say a model is Painlev
is little progress in the study ofn(+ 1)-dimensio- integrable if the model possesses the Painiesop-
nal (» > 3) integrable models though many physierty, it is IST integrable if the model can be solved
cists and mathematicians have tried to find sontgy the inverse scattering transformation, Lax inte-
significant (3 + 1)-dimensional integrable modelgrable if the model possesses a Lax pair, etc. Now
[2, 3]. it is a natural and important question if can we find
Recently, one of the present authors has propossgme higher dimensional models which are not only
some possible methods to search for some nontrivirasoro integrable but also Painkintegrable, IST
ial higher-dimensional integrable models under soniategrable or Lax integrable? In this paper we try to
special meanings [45, 6]. For instance, basing onfind some (3+1)-dimensional models which have the
the fact that all the known (2+1)-dimensional inteVirasoro integrability and the Painleintegrability at
grable models possess a common generalized centtee same time via some concrete realizations of the

less Virasoro type symmetry algebra, Virasoro-type symmetry algebra (1).
_ _ In Sect. 2, we sketch the general method to realize
[o(f1), o(f2)] = o(faf1 — f1f2), (1) the Virasoro symmetry algebra (1). In Sect. 3, a con-

crete realization of the Virasoro symmetry algebra (1)
while all the known (2+1)-dimensional nonintegrablés used to construct (3+1)-dimensional Virasoro inte-
models do not possess this type of symmetry algebgrable models. In Sect. 4 we check the Paialieze-
we had defined [57] a special type of integrability grability for the Virasoro integrable models obtained
under the meaning that a model (or its variant formp the Sect. 3 via the Weiss-Tabor-Carnevale-Kruskal
possesses an infinite dimensional centreless VirasqWTCK) approach. Section 5 a short summary and
type symmetry algebra. For convienience later, waiscussion is given.
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2. General Theory U?=D,(U—-Xuy —Yuy—Zu, —Tup)+ Xug, (7)

In order to find out the invariant equations of sym- + Yy, + Zu,, + Tuy,
metry algebra (1), we have to realize the Lie algebra
(1) in terms of vector fields on the spad®U of U'=Dy(U — Xu, —Yu, — Zu, — Tus) + Xy (8)
independent and dependent variables. In our cése,
is the four-dimensional space-time with coordinates
(z,y, z,t) andU is the space of real scalar functions . =~ 1 mom
u(z, y, z, t). For Lie point symmetries, the vector fieldU” ¥ * = D, U* ¥V
V of symmetries in the spacexU have the general- (DX )iy min — (DY Yitgivtysetom o

+ Y’U/yt + Zuzt + Tum

9)

ized form
V=X(x,y,2,t,u)0, +Y(z,y,t,u)0, (2) = DeBJuioyimaiin = (DaThustosyizm i,
+ Z(x,y,t, w0, + T(x,y, t,u)d; + Uz, y,t,w)d,. USY =" =D U v =" (10)
To realize the algebra (1), we can selgén (1) as — (DyX)ugingi-1zmgn — (DyY gy pmgn
aUnazzr]l?(;tI[sxsfunctlon of and restrictl’, X,Y, Z and Dy D)ty yrsamein — (DaT)tigsyr—som o,
T = f(1), () UVt =p eI (11)
(X,Y,7,U} = {zn:f(i)Xi7 Xn:f(i)yi7 Xn:f(i)Zn — (D X)ugisryizm—1pn — (DY Vgiysrizm-1gn
i=1 i=1 i=1 — (D2 2)ugiyszmin — (DT )i yi ym—14ms1,
Xn:f(i)Ui}, n=123,.., eV o petyee Tt (12)
=1

- (DtX)qulyjz"“t"*l - (DtY)ua:iyj+1z7’lt7'*1

wheref®) = d' f/dt* and X;, Y;, Z; andU; are func-
tions of z, 4, z, t,u and should be selected to satisfy = (DeZ)tgi i zmripn—1 — (DT )t yi omgn
the commutation relation (1). In order to construct o
invariantk™-order PDEs, we have to know how thevhere D., D, D. and D, are total derivatives. In
considered group acts on the fik€t-order derivatives order;o obtain some teXpl'Cl'F m;_/arlar‘]} eq#aﬂonst, we

- _ aiaiamaT can choose a concrete realizatiors V; which sat-
Uay Uy Usy Uty oo Ugiyizmer = 0,0,0: Oy (L < g, Sy Nt o type algebra (1) and calculate the

i+j+m+r < k) once we know its action on ; ;
(z,y, t,u). Since our entire approach is infinitesimal!(th prolongation. We know that the generalized

it is sufficient for us to know th&™ prolongation of Invariant equations should have the form [9]
the vector fieldV. The general formula for the"

prolongation of a vector fiel# is given by [8] A, Y5 208 Uy Uay Uy Uiy Uy oy Uaiyrzme ---) - (13)

= O7
prv =V +U"9,, +UY0,, +U%0, +U'd,, +... (4)
N Z [ o where the functiomA satisfies
1<itjtmin<k pr?Vi-A =0 (14)

U®* =D,(U—Xuy —Yu,—Zu, — Tu)+ Xy, (5) To find such types of group invariant equations,

we should solve the corresponding characteristic
equations of (4) in which all the arguments in

(3) are viewed as independent variables. Solving
the characteristic equations, we can get a set of
t Yuyy + Zuy. + Tuy,, elementary invariants/.(z,y, z,t,u, ..., Uyiyi v4a),

+ Yy + Dy, + Tugy,

UY=Dy(U—-Xu,—Yuy—Zu, —Tu)+Xuy, (6)



J. Linet al. - Virasoro Type Symmetry Algebra and the Pai@lBvoperty 591

(I<i+j+p+q<k,r=123.). The general; 3.(3+1)-Dimensional Virasoro Integrable Models

invariant equation then can be written as ) ] )
In order to get some concrete invariant equations,

H(I1,1,1I3,...,1,,..)=0. (15) we have to find some concrete realizations of the
Virasoro-type symmetry algebra (1). In this paper we
Usually, the group invariantd,., are f dependent. fix the realization as
However in the definition of the Virasoro integrability,
the model should bg independent. So, to find the o1 = Vi1 = f(t)0: + (cox f +csf). + cayfd,  (16)
Virasoro integrable models, we should select fhe + c4zfaz + (cluf + cery= )ou,

independent models from (15).
whereey, ¢p, cz andea SatiSfYCZ +eqgtez—c1=1,

c; = —1 (if cs#0). We can easily prove that; = V7 satisfies (1). Using the formulas (5) - (12), the
corresponding:™ prolongation of the vector field (16) is

pr(k)vl =V + [(Cl — cz)fux + ceyzf]amL + [(Cl — Cg)fuy + cexzf]auy + [(Cl - C4)fuz + Cﬁxyf.]auz (17)

+ [(e1 — 1)fut + (1w — coru, — cayuy — 64zuz)f + (—csu, + cexyz)f@)]aut

+ [(c1 — c2 = D)fge + (1 — 2ty — CoUp — CaYUay — ca2ty2)f + (Coyz — Cstiz) fP]0,,,
+ [(e1 —e3— l)fuyt + ((c1 — ca)uy — comUyy — C3YUyy — C4zuyz)f + (cexz — 05umy)f(3)]0uy,
+ [(c1 — ca — D fuze + (e — cayu. — coau,. — C3YUy- — cazu2)f + (cory — st fI]0,.,

+ [(c1 — c2 — ¢3) fuuay + c62f10u,, + [(c1 — c2 — ca) fua: + coy f10u, .

k k
+ [(Cl — (3 — c4)fuyz + Cfo]auyz + Z(Cl - ncZ)funzau,m + Z(Cl - ncS)funyauny

n=2 n=2
k

+ Z(Cl - nc4)funzau,,z + [(Cl —C2 —C3— C4)fuxyz + CGf]auiyz
n=2

+ E (c1 —mep — meg — TCA)f”m"y’”z’ [
3<ntm+r<k

+ [(Cl - 262 - 1)fuaszt - ((262 - cl)uzz + CoT Uz gy + C3yua:zy + C4zuzzz):f - CSUzzzfe)]aumﬂ
+ [(Cl —C2 — (€3 — 1)fuavyt _((CZ +c3— cl)uxy + CoTUgzy + C3YUgyy + C4zuzyz)f - c5uxxyf(3)]au“ﬂ
+ [(Cl —C2—C4— 1)fuzyt_((cz tcq— cl)uxz + XUy, + C3YUgy= + C42uxzz)f - CSuxxzf(s)]auizf

+ E [(c1 — nea —meg — rea — 1) fugnymory — (CoxUgnym v + C3YUgn yms1,r
3<ntm+r<k—1

+ C42Ugn ym o1 + (—C1 + NC2 + M3+ TCa) Ugn ym o) f — C5uxn+1ymzrf(3)]0umnymz”

+ terms of higher ordet-derivatives.

From (17), we can get the characteristic equation
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dt dx dy dz du __ Qugiyizmer _

Fofewtesf  fey  far Jauteeyef T UTVET

(18)

Substituting the extensiois® ¥’ =" t" of the vecto; into (18) and solving it, we can obtain all the elementary
invariants of (18). Here are some special examples:

L=af~?—csf, L=yf™ Iz=zf", (19)
1 . §
Ii=uf~" —ce1 LIz f — Ecscefzfaﬁ Is = u, f?™ — celp13f, (20)
—cy1te y 1 r2 —cyte y l P2
Ie = uyf e — Csflfgf — 5656513']? N I7 = uzf 1rea Ce[lfzf — 5656612']? N (21)

Ig = up fY + f(—c1ly + coliIs + c3lols + calzl7) — (celilols — csIs)(fF — f2), Io = uee f22°1,  (22)

IlO = uzyf_Cl+Cz+C3 _ fCGI37 Ill - uzzf_Cl+Cz+C4 _ f66]27 112 - uyyf—cl+2037 (23)
1 .
Iz =y, f~ " — cgly f — 50506](27 g =, f2 1, (24)
I1s = gy [ 4 [(c2 — 1) s + caln o + calolno + calaln) f — (celols — csIo)(f f — f?), (25)
IlB = uzyszZ+C3+647q - Cﬁf7 ']rf = Ugn f7c1+ncz7 '];{ = uy" f761+n637 in = Uyn f761+n647 (26)
T = Wgnym oo f 7T (4 + 1> 3 except fom =m = r = 1), (27)
T17 = g f1 %2 4 (202 — e1)Ig + 211§ + caloJono+ calzJoon) f + es JE(ff — f2), (28)
[18 = Uppar 22 + ((Bep — 1) J§ + a1 J§ + calpaio+ calsaon) f + s JE(fF — f2), (29)

119 = Uy f12243 4 (20 + 3 — 1) Ja10+ c2l1 310+ calodano + calzJonn) f + esJao ff — f2),  (30)
20 = Uy f1 1324 4 ((Beg + 4 — 1) Ja01 + 2l Ja01 + calaJors + calsood) f + csJzoa(f f — f2), (31)

Substituting the invariants shown in (19) - (31) into the generalized invariant equation (15), we can get various
(3 + 1)-dimensional models which possess the Virasoro-type Lie point symmetry algebra (1). In general, (15)
is f-dependent. According to the general theory of the last section, a Virasoro integrable model with algebra
(1) should bef-independent. However, it is very difficult to find all the possifkéndependent invariant
equations because the invariants listed in (19) - (31) are dependent on the fyhitianvery complicated
way. Fortunately, it is still possible to selected sofngdependent invariant equations from (15). Here we
give out only some special examples:

(i) SelectingA = 2626—;617 B=-2,(C=-%D= —3626—;61 and from thel’; invariant equation

ce’
IﬂJff — Ilgjg + AIgIlGJf + BI;LlJf Jo10t CIlojf Joo1 + D115J3IJ§ — BIHJ%: J310— CI;Lng J301=0 (32)
we can obtain thg-independent equation
Cﬁ(uzztuwxxz - uzzztuzxcﬂ) + (262 - Cl)uakuzxxwuzyz - (362 - cl)uxyzuizz (33)

+ C3uzz(uzzzuzmmy - uzmyuzmzm) + C4uzy(umzmuzzzz - uzmzumzmm) = 07

wherecs, cs, ¢4, @andeg are arbitrary constants. The corresponding Virasoro-type symmetry is
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0 = f(t)9; + (conf + csf)s — cay f, + caz fO. + (cruf + coryzf)d, (34)
(i) If we take cg = 2+ —c3,A = 929 B = D = -8 (¢ = ©=4-2 we obtain anf-independent

equation

Cﬁ(uxavytuwxxz - uwx:tuzzzy) + (2 +c— C3)uzy:uxzyuzzzz — C3UpyzUzzzUzzay (35)

+ CBUz:(uzzzyuzxyz - uzzz:uwwyy) + (C3 —C1— z)uwy(uzz::uxwxy - uwxyzuzxxz) = O
from the invariant equation

I19J301 — IngJ310+ Algli6J; + Bl11J301J200 + Cl10J211J200 + DI16l201J310 — BI11J310J211 (36)
— Cl10J202J310 = 0,

wherec;, c3 andcg are arbitrary constants. wheregy = 61(y, 2, t) andu; = v;(y, 2, ¢) are analyti-

_ ] _ . cal functions ofy, z, t. Substituting (38) into (37), we
4. The Painlevé Property of (3+1)-dimensional get the recursion relation of the coefficiens

Virasoro Integrable Models
i i i ](]+1)(]_2)U] :Fj(¢17¢1y7"'7”07”17---703'—1)7(39)

In this section, we would like to select some )
Painlee integrable models from the Virasoro inte- (G=012..),
grable models listed in the last section. The singularity , .
analysis formulated by Weiss, Tabor, and Carnevald'€reF(¢1, ¢1, -, vo, v1, .-, v;-1) is acomplicated
(WTC) [10] is a useful and simple method to checkUnction ofgs, ¢y, ..., vo, 1, ..., v; 1.
the Painleg integrability of a model. According to T 10M (39) we know that the resonances occur at
the WTC approach, we say a model possesses the j=-1,02 (40)
Painle\e property if all the solutions of the model are LR

single-valued about an arbitrary singularity manifolé-ne resonance gt= —1 corresponds to the arbitrary
which is given by¢(z,y, z,7) = 0. For simplicity sjngularity manifold¢ and j=0 corresponds to the
to prove the Painleyproperty, Kruskal has proposedgpitrary functions,. From the recursion relation (39),
that the singular manifold(z, y, 2, t) can be replaced \ye have

by z + ¢1(y, z, t) with arbitrary analyticab(y, z, )

[11]. In order to perform the Painléwanalysis of the %(CS¢1szy + ca¢1,v0,)

_(3+l)—dimensiona| PDE model (33), we can rewrite j=ln= b1 01y ’ (41)
it as
=2, (42)
3 2
(V2tVaze = VaatVas) + 5 VeVzealyz = 2052050 (37) 2e300,v0, — 201, v0v1 — Aeadr, v1. vo— Aezdy.v1,vo
+ 030, (Vo2 Vany — VayVzoz) — 20101, V0- + 301.01,V5 — 20161-V0, + 2¢4V0. V0,

+ C4vy(vzzvzzz - vz:vxxx) = O - 2C4'U1¢1y?}02 - 2C3?}1¢1ZU0y = O
. _ _ _ According to the standard WTC approach [10], we
andfixe; = —1/2,¢=1/2,¢5 = 0,and ca*+ ¢4 =0 |0 that if a model possesses the Paial@vop-

by usingv = u,. e -
- z . . .erty, all the resonance conditions should be satisfied
With the help of the leading order analysis that '?de)rlwtically. So, for the model (33), if it is Painlevn-

UEEd t":r;{he _stanlda_rtd WTC_fmIetE@d;fn be exp?nded tegrable, a further compatibility condition (42) must
about the singularity manifold =« + ¢a(y, =, ) as be satisfied. It is clear that (42) is satisfied identically
00 only for ecg = —c4 = 0. So (33) witheg = ¢4 = 0
v= Zvjqﬁj—{ (38) s integrable under the meaning that it possesses the
=0 Painlee property.
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Using the similar analysis to the model (35), wei(mco—c1) + b(nez—c1) + c(pea—c1) = 6¢p—2¢1+1,
find thatitis only Virasoro integrable but not Painéev
integrable. m,n,p > 2, (44)

+ —c1)+b — =6co—2c1+1,
5. Summary and Discussion aa(macz ey — 1) +hyprcs — ) = 6z 20y

. L p1>2, mytng >3, (45)
In summary, starting from every realization of the
Virasoro-type of symmetry algebra (1) we are able,(mac, + nocs + paca — 1) = 6ep — 2¢1 + 1,
to obtain various Virasoro integrable models. Using
two special types of concrete realization of the Vi- ~ ma+nz+p2 > 3, mongp2 71 (46)

rasoro symmetry algebra, we have write down fouCran also be added to (33).

special Virasoro integrable models. Usually, a Vira- Though we have obtained many (3+1)-dimensional

soro integrable model might not be integrable "Virasoro integrable equations and one model is

der other meanings. Fortunately, we have shown thgt. = ~ .. ! X

. . ainle\e integrable, there are various open, interest-
some types of Virasoro integrable models may alsiP\ and important questions. For instance, what kinds
be Painlee integrable, (33) for; = —1/2,¢, = 9 P q : '

1/2,c3= 4= 0 of Virasoro integrable model would be Paingein-
3T AT - . tegrable at the same time? Can we find, some (3+1)-
Actually, from every realization of the Virasoro-

type of symmetry algebra (1) we may obtaifiitel dimensional IST integrable or Lax integrable models
£n Vithsoro in)t/e ?able models Fgr instance go from the Virasoro integrable models? Can we find and
termys like 9 ) + SOMSow to find the multisoliton solutions of the Virasoro

integrable models? All these problems are worthy of
(’U,Zm )a(uy" )b(uzp)c7 (uz"“ly"l)al(uzl’l)bl7 (43) further Study.
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